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A REMARK ON STRESS OF A SPATIALLY UNIFORM DISLOCATION
DENSITY FIELD
SIRAN LI
1. Introduction
1.1. In an interesting recent paper [1], Acharya proved that the stress produced by a spatially
uniform dislocation density field in a body comprising a nonlinear elastic material may fail
to vanish under no loads. The class of counterexamples constructed in [1] is essentially 2-
dimensional: it works with the subgroup SO(2) ⊕ 〈Id〉 ⊂ O(3). The objective of this note is
to extend Acharya’s result in [1] to the O(3), subject to one additional structural condition and
less regularity assumptions.
1.2. Nomenclature. Throughout Ω ⊂ R3 is a simply-connected bounded domain with outward
unit normal vectorfield n. The group of 3 × 3 orthogonal matrices is denoted by O(3); i.e.,
M ∈ O(3) if and only if M⊤ = M−1. The special orthogonal group SO(2) consists of the
matrices in O(2) with determinant 1. The matrix field F : Ω → gl(3;R) designates the elastic
distortion, and W := F−1 whenever F is invertible. T : gl(3;R) → O(3) denotes a generally
nonlinear, frame-indifferent stress response function, where gl(3;R) is the space of 3×3 matrices.
The composition T(F) is the symmetric Cauchy stress field applied to the configuration of body
Ω. The constant matrix α ∈ gl(3;R) denotes the dislocation density distribution specified on Ω.
For a matrix field M = {M ij}1≤i,j≤m : Ω→ gl(3;R), its curl and divergence are understood
in the row-wise sense. In local coordinates it means the following: for each i, j, k, ℓ ∈ {1, 2, 3},
curlM is the 2-tensor field î
curlM
ói
j
:= ∇kM
i
ℓ −∇ℓM
i
k
where (k, ℓ, j) is an even permutation of (1, 2, 3), and divM is the vectorfieldî
divM
ói
=
∑
j
∇jM
i
j .
Moreover, recall the Leray projector is the L2-orthogonal projection P : L2(R3;R3) →
L2(R3;R3) that sends a vectorfield in R3 onto its divergence-free part. On R3 it can be defined
via Fourier transform: ”Pv(ξ) := ÇId− ξ ⊗ ξ
|ξ|2
å
vˆ(ξ).
The Leray projector plays an important rôle in the mathematical analysis of incompressible
Navier–Stokes equations; cf. e.g. Constantin–Foias [3] and Temam [7]. For a matrix field M ,
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P(M) is again understood in the row-wise sense. We denote by
Q := Id− P
the complementary projection of P.
1.3. Differential Equations. In the above setting, the governing equations for the internal
stress field in the body subject to the Cauchy stress field T(F) was derived by Willis in [10]. See
also Eq. (3) in [1]: 

curlW = −α in Ω,
div
Ä
T(F)
ä
= 0 in Ω,
T(F) · n = 0 on ∂Ω.
(1)
Here α is a prescribed constant matrix. This PDE system is considered under the following
Assumption 1.1. T(F) = 0 if and only if F takes values in O(3).
Acharya proved in [1] the following result:
Theorem 1.2. Let Ω, W, T, F, and n be as in Section 1.2 above. Let α be any nonzero constant
matrix. Then, under Assumption 1.1, there does not exist θ ∈ C2(Ω;R) such that W = Rθ is a
solution for Eq. (1); here
Rθ :=


cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 . (2)
The proof in [1] follows from concrete computations: with the ansatz (2), Eq. (1) reduces
to a system of algebraic equations for sin θ and cos θ only, which is not soluble unless α ≡ 0.
The goal of this note is to extend Acharya’s Theorem 1.2 in order to include more general
form of W and assuming lower regularity requirements. At the moment we are not able to
generalise to all of O(3)-valued W; an additional structural condition is needed —
Assumption 1.3. Q(W) is O(3)-valued (Q is the complement of Leray projector in Section 1.2).
1.4. Mechanics. In the terminologies of continuum mechanics, Theorem 1.2 means that in the
nonlinear regime, there is no C2-stress-free spatially uniform dislocation density field, unless
such uniform dislocation density is everywhere vanishing.
Various dislocation distributions producing no stress have been observed in the limit of
continuum elastic descriptions (cf. Mura [6], Head–Howison–Ockendon–Tighe [4], Yavari–Goriely
[11], etc.). This is the background for our work. In this note, we aim to further the investigation
by Acharya [1] in the nonlinear regime.
2. Main Result
Theorem 2.1. Let Ω, W, α, T, F, and n be as in Section 1.2. Under Assumptions 1.1 and 1.3,
Eq. (1) has no solution W in C1(Ω;O(3)) unless the uniform dislocation density field α ≡ 0.
Theorem 2.1 agrees with the linear case. The following arguments are essentially taken
from Section 3 in [1]. When U := F − Id is uniformly small, set C := DT(I). The matrix
2
field U is known as the elastic distortion, and the rank-4 tensor field C is known as the elastic
modulus. Then the linearised system for Eq. (1) is

curlU = −α in Ω,
div
Ä
CU
ä
= 0 in Ω,
CU · n = 0 on ∂Ω.
(3)
By Kirchhoff’s uniqueness theorem for linear elastostatics, the symmetric part
ǫ :=
U+U⊤
2
must be zero. Thus, if U is O(3)-valued, then Eq. (3) is not soluble except when α ≡ 0. That
is, α ≡ 0 is a necessary (in fact, not sufficient in general) condition for the solubility of Eq. (3).
Also note that W = Rθ in Theorem 1.2 satisfies Assumption 1.3: direct computation in
polar coordinates shows that divRθ ≡ 0; hence QW ≡W ≡ Rθ, which is O(3)-valued.
3. Proof
Proof of Theorem 2.1. Throughout the proof we denote by W1,W2,W3 the row-vectorfields of
the matrix field W. Also, let α˜ be the field of differential 2-forms dual to α, namely
α˜i = αi1 dx
2 ∧ dx3 + αi2 dx
3 ∧ dx1 + αi3 dx
1 ∧ dx2.
Thus, by Hodge duality, the first equation in Eq. (1) becomes
dWi = −α˜i for each i ∈ {1, 2, 3}, (4)
which is an identity of 2-forms. Here and hereafter, we identifyWi with a 1-form (not relabelled).
Under Assumption 1.1 the second and the third equations in Eq. (1) are satisfied automat-
ically. So it remains to solve for Eq. (4) in the space of O(3)-valued matrix fields.
Recall that the divergence operator acting on differential 1-forms on Ω ⊂ R3 is nothing
but the codifferential d∗ := ⋆d⋆, where ⋆ is the Hodge star operator. Also, the Laplacian equals
∆ = dd∗ + d∗d. (5)
Let us split W into
W
i = d∗IIi + dφi + ci on Ω, (6)
where IIi is a field of differential 2-form, φi is a scalarfield, and ci is a constant in R3. This is
done by the Hodge decomposition theorem and that Ω is simply-connected; see, e.g., Chapter 6
in [9]. In local coordinates, Eq. (6) can be expressed as follows:
W
i
j =
3∑
k=1
∇kII
i
kj +∇jφ
i + cij for each i, j ∈ {1, 2, 3}.
By standard elliptic regularity theory (see [8]), IIi and φi have C1,γ-regularity for any γ ∈ [0, 1[.
Now we claim that{
∇jφ
i
}
1≤i,j≤3
is equal to a constant O(3)-matrix. (7)
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Indeed, since the Leray projector maps onto the divergence-free part of W, we have QWi = dφi
for φi ∈ C1,γ(Ω). By Assumption 1.3 we have
3∑
k=1
∇kφ
i∇kφ
j = δij ,
namely that φ is an isometric embedding from Ω ⊂ R3 into R3. The classical rigidity theorem
of Liouville [5] yields that φi is an affine map globally on Ω (in fact, C1-regularity of φi suffices
here). Thus the claim (7) follows.
To conclude the proof, taking d∗ to both sides of Eq. (6) and noting the claim (7), we get
d∗Wi = 0.
This together with Eqs. (4) and (5) implies that
∆Wi = 0. (8)
That is, Wi is a harmonic 1-form for each i ∈ {1, 2, 3}. Eq. (8) is understood in the sense of
distributions; nevertheless, by Weyl’s lemma (see [8]) W i is automatically C∞. In view again of
the Hodge theory (see Chapter 6 in [10]), it is represented by generators of the first cohomology
group. But Ω is simply-connected, so there is no non-trivial such generator. ThusWi is constant.
Therefore, we infer from Eq. (4) that αi equals zero. The proof is complete. 
4. Remarks
It would be interesting to consider the same problem for Ω being a 3-dimensional manifold,
which falls into the framework of incompatible (non-Euclidean) elasticity.
The mechanical problem considered in this paper may have deep underlying geometrical
connotations. In particular, it is related to constructions for coframes with prescribed (closed)
differential. See Bryant–Clelland [2] for analyses via exterior differential systems.
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